A one-parameter two-term Henyey-Greenstein ͑TTHG͒ phase function of light scattering in seawater is proposed. The original three-parameter TTHG phase function was reduced to the one-parameter TTHG phase function by use of experimentally derived regression dependencies between integral parameters of the marine phase functions. An approach to calculate a diffuse attenuation coefficient in the depth of seawater is presented.
Introduction
An analytic Henyey-Greenstein 1 ͑HG͒ scattering phase function is popular in radiative transfer calculations in astrophysics 2 and atmospheric and oceanic optics. 3, 4 This phase function is convenient for some numeric and Monte Carlo calculations because it has an analytic form and expands to a simple Legendre polynomial series. It also allows for easy computation of asymptotic light radiance distribution. Unfortunately, the shape of the HG phase function inadequately represents the shape of realistic atmospheric and marine phase functions. For the case of atmospheric optics this shortcoming was successfully resolved by Kattawar 5 who proposed a two-term Henyey-Greenstein ͑TTHG͒ phase function. Unfortunately, Kattawar's TTHG phase function, in the form it was presented, is not directly applicable to marine waters. In this paper the similar approach is adopted but for oceanic water.
One-Parameter Two-Term Henyey-Greenstein Phase Function
The HG phase function 1, 5, 6 has the following analytic form:
where is a scattering angle, and an asymmetry parameter g is equal to the average cosine cos over the angular distribution in Eqs. ͑1͒ defined as The HG phase function in Eqs. ͑1͒ has the following expansion into the Legendre polynomial series:
The average of the squared cosine for the HG phase function of Eqs. ͑1͒ is
and the probability of backscattering ͑equal to the ratio of backscattering coefficient b b to the total scattering coefficient b, B ϵ b b ͞b͒ is defined by the following equation:
The HG phase function has remarkable analytical properties presented by Eqs. ͑1͒ and ͑3͒. At the same time it is ill-suited to model scattering in real seawater because the shape of the HG phase function significantly differs from the shape of real oceanic phase functions. 6, 7 The HG phase function imitates only the first, forward-directed peak of the experimental phase function and ignores the second one, the backward-directed peak.
To overcome this shortcoming and retain all desirable properties of a HG phase function, a TTHG phase function was chosen in a form proposed by Kattawar: 5 
Here ␣ is a weight of the forward-directed HG phase function, ͑1 Ϫ ␣͒ is a weight of the backward-directed HG phase function, g is an asymmetry factor of the forward-directed HG phase function, and h is an asymmetry factor of the backward-directed HG phase function. The sign before the positive asymmetry factors determines the direction of elongation: A positive sign determines elongation forward and a negative sign determines elongation backward. So Eqs. ͑6͒ define the phase function that has two peaks: the forward peak with the weight ␣ and asymmetry g and the backward peak with the weight ͑1 Ϫ ␣͒ and asymmetry h. The TTHG phase function of Eqs. ͑6͒ has the following expansion into the Legendre polynomial series:
The integral parameters, which include backscattering probability B, average cosine cos , and average square of cosine cos 2 , of the TTHG phase function of scattering are given by the following equations:
To reduce a number of independent parameters ͑␣, g, h͒ in Eqs. ͑6͒ for the TTHG phase function, I used experimental data presented in the paper by Timofeyeva, 8 in which a number of regression relationships between integral parameters of experimentally measured phase functions are given. By using the data published by Timofeyeva, I rederived the regression relationships between integral characteristics of the phase function in a form convenient for the elimination of the two extra parameters in Eqs. ͑6͒. These new regressions are represented as follows:
The original measurements by Timofeyeva support Eqs. ͑11͒ and ͑12͒ in the range of experimental data, i.e. 0.05 Յ B Յ 0.25. This range encompasses the variability of B's corresponding to seawater; however, because of the specifics of the derivations, 9 Eqs. ͑11͒ and ͑12͒ are valid in the whole range of variability of backscattering probability: 0 Յ B Յ 0.5. The relationships of Eqs. ͑11͒ and ͑12͒ should be considered as a better alternative to the original regressions by Timofeyeva. They are better because they give values of parameters that both lie in the range of experimental error for 0.05 Յ B Յ 0.25 and satisfy two asymptotic conditions at delta-shaped scattering ͑B ϭ 0͒ and isotropic scattering ͑B ϭ 0.5͒. Equations ͑11͒ and ͑12͒ also give values almost identical to the values computed with Timofeyeva's original regressions. By solving the relationships of Eqs. ͑11͒ and ͑12͒ with Eqs. ͑8͒-͑10͒, we obtain the following coupling relationships between parameters ͑␣, h͒ and the first asymmetry parameter g:
Substitution of Eqs. ͑13͒ and ͑14͒ into Eqs. ͑6͒ or Eq. ͑7͒ gives us a one-parameter TTHG phase function of light scattering in seawater with integral parameters ͑B, cos , cos 2 ͒ adjusted to the experimentally derived relationships given by Eqs. ͑11͒ and ͑12͒. The dependence of integral parameters ͑B, cos , cos 2 ͒ of the marine TTHG phase function on the asymmetry parameter g is shown in Fig. 1 .
By solving a radiative transfer equation in the depth of seawater, as demonstrated in Appendix A, we can obtain an expression for the eigenvalue of this equation as a function of probability of scattering B ϵ b b ͞b and single-scattering albedo 0 ϭ b͞c ͑here c is a total beam attenuation coefficient of seawater͒. Because, by definition, the eigenvalue is a ratio of the diffuse attenuation coefficient to the beam attenuation coefficient, we have the following simple formula for the diffuse attenuation coefficient of light in the depth of seawater:
with the eigenvalue ␥͑B, 0 ͒ defined by Eq. ͑A15͒ of Appendix A.
Connection of the Seawater Two-Term Henyey-Greenstein Phase Function with the Beam Scattering Coefficient
The seawater TTHG phase function proposed above depends on only one parameter g. Experimental data published by Petzold 7 allow us to derive the following relationships that connect the seawater backscattering coefficient b b and the seawater backscattering probability B ϭ b b ͞b with the seawater scattering coefficient b at 515 nm:
When we use Eqs. ͑8͒, ͑13͒, and ͑14͒ with Eqs. ͑16͒ and ͑17͒, it is easy to obtain the following relationship that couples parameter g in Eqs. ͑7͒-͑14͒ with the beam scattering coefficient: 
Examples of Seawater Two-Term Henyey-Greenstein Phase Functions and Comparison with Experimental Data
The seawater one-parameter TTHG phase function, being slightly more complex than the simple HG phase function, has the following important advantage over the HG phase function: Similar to the realistic phase functions, it has two prominent peaks, the largest one in the forward direction and the smallest one in the backward direction. The simple HG phase function has only one peak, which is in the forward direction. Figure 2 shows samples of seawater TTHG phase functions for typical values of parameter g, and Fig. 3 shows comparisons among the experimental Petzold phase function, the HG phase function, and the oneparameter seawater TTHG phase function.
The theory presented in Appendix A shows that it is possible to derive some optical properties and pa- rameters of the light field with only an analytic approach. One of the most important and easiest to derive parameters of the light field in the depth of scattering medium is an average cosine: ϭ a͞k ϱ ϵ ͑1 Ϫ 0 ͒͞␥͑B, 0 ͒ with ␥͑B, 0 ͒ given by Eq. ͑A15͒ and a being an absorption coefficient of seawater.
To compare results of modeling with the seawater TTHG phase function with the experimental data, a set of random pairs of backscattering probability and single-scattering albedos ͑B, 0 ͒ was generated. These pairs, being homogeneously distributed in the rectangle ͑0 Յ B Յ 0.5, 0 Յ 0 Յ 1͒, simulate samples of all possible values of ͑B, 0 ͒. For each pair of ͑B, 0 ͒, a value of an average cosine was computed. The results of the simulated 's and the values of the experimentally measured average cosines 12 are plotted against Gordon's parameter g x ϭ B 0 ͑͞1 Ϫ 0 ϩ B 0 ͒ ͑see Fig. 4͒ . In spite of the fact that, in reality, the values of ͑B, 0 ͒ are not independent but correlate with each other 10,13 and the seawater TTHG phase function of scattering does not ideally match a realistic one ͑see Fig. 3͒ , the results of the simulation are in a good agreement with the experimental data. This simulation gives an additional argument that the proposed phase function of scattering is a good candidate for use in seawater radiative transfer computations, especially in those cases when the analytical properties of HG phase function are important. 14 
Conclusion
It was shown that a realistic marine phase function can be represented in the form of a one-parameter two-term Henyey-Greenstein phase function with the same dependencies between integral characteristics of the phase function. In some special computational cases, 14 this phase function may be more preferable than the more realistic Fournier-Forand 15 phase function or an analytic form of Petzold phase functions. 6 The proposed phase function may be convenient for radiative transfer modeling. 3,16 -19 
Appendix A: Eigenvalues and Radiance Distribution of Light in an Asymptotic Regime
It is easy to show that the solution of the radiative transfer equation in the asymptotic regime ͑when the optical depth is much larger than 1͒ is azimuthally symmetric and can be written as
where L͑, ͒ is the radiance of light at optical depth ϭ ͐ 0 z c͑zЈ͒dzЈ, c͑z͒ is a beam attenuation coefficient at physical depth z ͑for homogeneous water ϭ cz͒, L 0 is determined from the boundary conditions ͑de-scribed, for example, in Refs. 3, 5, 16, 17, 20 , 21͒, ͑͒ is a radiance distribution as a function of ϭ cos , is the zenith angle, c ϭ a ϩ b, a and b are absorption and scattering coefficients, and ␥ is the eigenvalue of the asymptotic radiative transfer equation. For homogeneous water ␥ ϭ k ϱ ͞c, where k ϱ is the asymptotic diffuse attenuation coefficient.
The asymptotic radiance distribution ⌿͑͒ in Eq. ͑A1͒ is a solution of the following characteristic or asymptotic equation for the radiative transfer: where 0 ϭ b͞c is the albedo for single scattering, Ј ϭ cos Ј, and
is the phase function averaged over azimuth angle , is the scattering angle, and the scattering phase function p͑cos ͒ is normalized by the following condition:
If we represent the phase function in Eq. ͑A3͒ in the form of the Legendre polynomial series,
where P n ͑cos ͒ is the Legendre polynomial of the nth order, then we have
The Legendre polynomial series can also be used to represent the radiance distribution ⌿͑͒:
By inserting Eqs. ͑A6͒ and ͑A7͒ into Eq. ͑A2͒ and utilizing the recursion relation between Legendre polynomials,
we obtain the following relationships between the expansion coefficients n and s n ͑Refs. 5, 6, 22͒:
From the condition of solvability of the homogeneous system of Eqs. ͑A9͒, we can find the connection among ␥, 0 , and s n . The condition is that the determinant ⌬ of the system of Eqs. ͑A9͒ is equal to zero:
As was shown in Ref. 23 , Eq. ͑A10͒ is equivalent to the following infinite chain fraction equation:
where ⌬ n can be obtained from the following recursion: If we know the values of single-scattering albedo 0 and phase function coefficients s n , the eigenvalue ␥ can be obtained numerically when we solve Eqs. ͑A12͒ and ͑A13͒. In this case we compute all coefficients n of the asymptotic radiance distribution by using the following relationships:
and therefore restore the radiance distribution ⌿͑͒ given by Eq. ͑A6͒. The eigenvalue solutions for the seawater TTHG phase function for the pairs of input parameters ͑ 0 , B͒, computed numerically, are given in Table 1 . Using a largely expanded version of this table it is possible to derive the following equation that connects the eigenvalue ␥ with the single-scattering albedo and backscattering probability ͑ 0 , B͒:
The coefficients ␥ n ͑ 0 ͒, n ϭ 0, . . . , 5, in Eq. ͑A15͒ are given in Table 2 .
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